There are good indications that fundamental physics gives rise to a modified spacemomentum uncertainty relation that implies the existence of a minimum length scale. We implement this idea in the free scalar field theory that describes density perturbations in flat Robertson-Walker space-time. This leads to a non-linear timedependent dispersion relation that encodes the effects of Planck scale physics in the inflationary epoch. Unbounded dispersion relations are excluded by the minimum length principle. We also find red-shift induced modifications of the field theory that tend to dampen the fluctuations at trans-Planckian momenta. In the specific example considered, this feature helps determine the initial state of the fluctuations, leading to a flat power spectrum.
Introduction
According to the inflationary scenario [1] , [2] , [3] in the past the universe has undergone a period of rapid expansion during which minute quantum fluctuations have been magnified to cosmic sizes. This give rise to the inhomogeneities that are observed today, in the form of anisotropies in the cosmic microwave background radiation (CMBR) and large scale structures, superimposed on a homogeneous and isotropic background. To describe the primordial quantum fluctuations, it has so far sufficed to use a prototype free scalar field theory with a linear dispersion relation in the expanding background [4] . The prototype scalar field describes the tensor and scalar metric (or inflaton) fluctuations. The success of the inflationary scenario rests on its ability to explain not only the homogeneity of the background, but also the characteristics of the inhomogeneities superimposed upon it.
However, as pointed out in [5] , in many versions of inflation, most notably chaotic inflation, the period of inflation lasts for so long that the co-moving scales of cosmological interest today correspond to quantum fluctuations at the beginning of inflation with physical wavenumbers larger than the Planck mass, or equivalently, with physical wavelengths smaller than the Planck length. It is clear that for such fluctuations the effects of Planck scale physics cannot be ignored and the use of a field theory with a linear dispersion relation is not fully justified. This has been referred to as the trans-Planckian problem of inflation. It opens up the interesting possibility of searching for the imprints of Planck scale physics in the large scale structure of the universe.
Of late, it has been customary to assume that the effects of Planck scale physics can be incorporated in the theory of cosmological perturbations by using a time dependent non-linear dispersion relation in the free field theory. In the absence of a first principle approach, in practice these dispersion relations are chosen in an ad hoc manner. In the context of cosmology, the study of the consequences of such modifications was taken up in [6] , [7] . The modifications introduced were inspired by earlier work in the context of Hawking radiation [8] , [9] . Subsequently, various aspects of this issue were further investigated in [10] - [22] .
A direct derivation of the trans-Planckian effects from a fundamental theory, e.g., string theory is not yet possible. However, Planck scale physics does seem to have a robust characteristic feature, which is the existence of a minimum length scale. For a review, see [23] . In particular, in perturbative string theory, this feature has been known for some time [24] , [25] . There, the existence of a minimum length uncertainty is essentially due to the fact that as one increases the energy of a string probe beyond the Planck mass, the string can get excited and develop a non-zero extension [26] . The existence of a minimum length uncertainty can be related to a modification of the standard space-momentum canonical commutation relations. For an implementation of this idea, see [27] . Thus, one way of incorporating Planck scale physics in a free field theory is to reformulate the theory such that it is consistent with the minimum length uncertainty relation. This is the strategy that we will follow in this paper. Earlier an attempt in this direction was made in [28] , followed by further analysis in [29] , [30] . This resulted in a rather complicated theory which cannot easily be compared with other models and in which the identification of physical variables is not straightforward. In this paper, we follow a different approach to implement the minimum length uncertainty principle in a field theory in the expanding universe. This results in a theory with a transparent physical content. It has a non-linear, time-dependent dispersion relation which is no longer arbitrary, but is determined by the modified commutation relations. Besides this, it contains a trans-Planckian damping term that tends to dampen the fluctuations at momenta sufficiently above the Planck scale, although the actual amount of damping depends on the form of the dispersion relation. It is interesting to note that there are independent arguments for trans-Planckian damping due to quantum gravity effects [31] , [32] .
The paper is organized as follows: In section 2 we describe a class of modified x, p commutation relations that lead to a minimum length uncertainty principle in flat spacetime. Then we construct a free scalar field theory corresponding to this and interpret the modification in terms of higher derivative corrections. We also discuss the modified relation between wavelength and wavenumber. In section 3, we generalize the notion of modified commutators and the associated minimum length uncertainty to the flat Robertson-Walker space-time. In section 4, we apply this to a scalar field theory in flat Robertson-Walker space-time and obtain its modified equation of motion. We discuss the resulting non-linear and time-dependent dispersion relations which are now constrained by the minimum length principle. The time evolution of wavelengths is also discussed. In section 5, we analyze a new feature of the modified field theory which tends to dampen the fluctuations at trans-Planckian energies. For the dispersion relation used there, this feature allows us to determine the initial state, and leads to a scale invariant power spectrum for the fluctuations. The issue of back reaction is also discussed and the exact solution in the trans-Planckian region is presented. In subsection 5.3, we discuss the issue of the initial state dependence of the power spectrum and argue that the main criterion is whether the effective frequency at the initial time is real or imaginary. This is related to but not the same as the violation of adiabaticity during time evolution. Throughout this paper we assume de Sitter inflation so that the Hubble parameter is constant.
The minimum length uncertainty principle
Conventional quantum mechanics allows us to use trans-Planckian momenta to probe distances shorter than a Planck length, ignoring the issue of gravitational stability of matter. The problem can be avoided if one assumes that nature admits a description, at least in an effective sense, in terms of a theory with a minimum length scale. Such a minimum length scale follows from (or results in) a modified uncertainty relation. There are indications that fundamental physics [23] , e.g., string theory effects [24] , [25] , [26] effectively modify the usual space-momentum uncertainty relation to
This implies the existence of a lower bound on space uncertainty (∆x) min ∼ l s . The scale l s is a minimum length that we take as the Planck length, though it could also be some other related scale. Its appearance in (1) is an indication of the dynamical nature of the modification. Our goal in this paper is to explore the implications of such a minimum length uncertainty principle for the physics of the early inflationary period. Before dealing with the expanding universe in section 3, we describe the case of flat space-time in the remaining part of this section.
Modified commutation relations in flat space
The uncertainty relation (1) can be obtained from modified x, p commutators. Here we consider a general class of modified commutation relations, consistent with rotational invariance, that lead to a minimum length uncertainty 1 [27] ,
The information about the modification is entirely contained in the function f (p). The term with g(p) is required by the Jacobi identities and is fully determined in terms of f (p) (see, for example, [27] ). The obvious restriction on f (p) is that for small enough p it should reduce to 1, leading back to the standard commutators. It is understood that p is measured in units of some high-energy scale, say, the Planck mass, l −1 s . To elucidate the implications of the modified commutator, we exploit a useful construction introduced in [27] : Introduce auxiliary variables ρ i such that on functions φ(ρ),
The ρ i are given in terms of the momenta p i as,
Now, using a formal power series expansion for f (p), it is easy to verify that (2) and (3) are equivalent. Further, let us assume that f (p) is such that as p varies from 0 to ∞, ρ stays bounded between 0 and some maximum value ρ max . Here, p and ρ denote the magnitudes of p i and ρ i , respectively. One can now understand the essential consequence of (2) without getting into the details of the construction of the relevant function spaces. Equation (3) implies the commutator
and hence, the associated uncertainty relation ∆x i ≥ 1/(2∆ρ i ). Since we assume ρ to be bounded by ρ max , the maximum uncertainty in ρ i is 2ρ max . Thus, there is an associated minimum length uncertainty,
This is required to be of order one, in units of the l s appearing in (1). The conditions on f (p) are summarized below:
• As p → 0, f (p) → 1 and ρ → p .
• ρ = p/f (p) is bounded by 1 in units of l
s , which we take to be the Planck mass.
• The most natural functions f satisfying the last condition are those for which ρ increases monotonically with p, approaching its maximum value ρ max as p → ∞. An example is
In anticipation, one can recognize here the form of the Unruh dispersion relation.
1 Throughout this paper, bold-face letters
We close this subsection with two comments. In formulating a theory based on the modified commutator, it may be tempting to speculate on identifying ρ as the physical momentum with a cut-off, as in [28] . However, a momentum cut-off is not natural from the point of view of fundamental physics. For example, in string theory loop diagrams are naturally regulated as a consequence of modular invariance, and not by a momentum cutoff. Moreover, if the modified commutator (2) is obtained by analyzing physical processes in some fundamental theory, say, through a calculation leading to equation (9) below, then p will manifestly correspond to the physical momentum. Furthermore, as for the ordinary commutation relations, one faces ordering ambiguities while promoting classical expressions to quantum ones. Now, the problem is more severe since the ambiguity is itself p-dependent. It is therefore safest to avoid coordinate systems that result in expressions involving such ambiguities.
Scalar fields in flat space with modified commutators
A theory based on the modified commutation relation (2) will contain new effects that become relevant at large momenta. In this subsection we will consider the implications for a free scalar field theory in flat space-time. In particular we will discuss two effects that seem relevant to the trans-Planckian problem of inflationary cosmology, i.e., the modification of dispersion relation and the existence of a minimum bound on the wavelengths. The modified field theory is however also interesting in its own right. The generalization to field theory in the Robertson-Walker universe will be considered in the next sections, where the expanding nature of space-time introduces new features.
First consider a free massless scalar field φ(t, x) with the standard action S, and equation of motion,
A priori, there is no justification for choosing this simple form as the starting point since one might imagine that a fundamental theory that leads to the modified commutation relation, would also simultaneously deform the field theory. However, we will argue below that this is not the case: It is either the field theory, or the commutation relation that gets modified by the incorporation of the high energy effects, but not both simultaneously. The commutation relation (5) allows us to make a Fourier transformation to a variablẽ
where N is a normalization constant. Then, the free massless equation of motion becomes
where, ρ has been expressed in terms of p using (4). We have used the same notationφ for the field as a function of ρ and p, the difference should be clear from the context.
To clarify the origin of the modification, let us introduce a new variablex such that its commutator with p has the standard form [x i , p j ] = i δ ij , so that p i = −i∂/∂x i . Then, in terms ofx the above equation is equivalent to the higher-derivative equation of motion,
One may take the approach that (9) is the basic equation that emerges in the effective field theory limit of some fundamental theory e.g., string theory. This could then be given a space-time representation either in terms of a two-derivative field equation (8) with modified commutators, or in terms of an infinite-derivative field equation with the standard commutators. In this sense, the use of the modified commutators enables us to express the higher derivative corrections to the lowest order equation of motion in a closed form, consistent with the notion of a minimal length scale. In the string theory context, this corresponds to summing up the α ′ corrections to all orders. The closed form of the expression is crucial since a truncated power series expansion is not a good approximation at large momenta. To summarize, at low energies one may start with (8) and the standard commutation relations. Then α ′ correction, assuming that they are summable, will convert this to equation (10), keeping the commutator unchanged. Alternatively, one may incorporate the effect of α ′ corrections into the commutation relation keeping the form of the action unchanged.
Independently of its relevance to cosmology, equation (9) defines an interesting field theory in its own right. First note that Lorentz invariance is broken by the modified commutator. For comments on the possibility of a dynamical breakdown of Lorentz invariance near the Planck scale, see [33] . As a result, the time evolution of the solutions is still determined by a second order equation. The corresponding quantum field theory is manifestly finite due to the finite range of ρ-integration, although the physical momentum remains unbounded. This finiteness is a consequence of the built-in minimum length uncertainty in the theory. It is interesting to investigate the quantum behaviour of this theory and to study its extension to gravity by replacing the scalar field with the metric. If successful, this will lead to an effective finite theory of quantum gravity, as opposed to a fundamental theory which, in this framework, will continue to be string theory.
The interpretation of (9) as the basic equation will turn out to be particularly useful when we consider the Robertson-Walker space-time later. Then the analogue of this equation is still well defined even though it no longer has a space-time representation analogous to equation (8) .
Equation (9) contains the non-linear dispersion relation ω = ρ(p) which is fully determined by the function f (p) and satisfies the restrictions discussed above. For example, for the choice (7) one gets the Unruh dispersion relation which has been used to mimic the effects of trans-Planckian physics in the contexts of Hawking radiation [8] and in inflationary cosmology [6] .
When the Fourier transform is implemented in the action S, then the change of variable from ρ to p also induces a Jacobian which can be computed as J = ∂(ρ 3 )/∂(p 3 ). In flat space-time, the Jacobian does not affect the equation of motion forφ(t, p). Its presence simply indicates that a momentum mode p occupies phase space volume ∼ 1/J which grows as p increases. As we will see later, in an expanding universe, the Jacobian affects the equation of motion in a non-trivial way. Let us now consider the minimum wavelength bound implied by the modified commutation relations. From (8) and (5) it is obvious that the plane wave in the theory with the modified commutator is given by e iωt+iρ i x i . This has a wavelength,
Since ρ is bounded by 1/l s , the wavelength of a fluctuation is never smaller than the Planck length regardless of how high the value of its momentum may be. Also, the energy ω = ρ is always bounded by the Planck mass. These two features i.e., the modification of the dispersion relation and existence of a bound on the wavelength, make the modified commutator theory very appealing from the point of view of the trans-Planckian problem in inflationary cosmology. In this latter context, modified dispersion relations similar to (9) have been proposed [6] , [7] , [10] - [14] , [19] , albeit in an ad hoc manner (except for [16] ), to encode the effects of trans-Planckian physics on the dynamics of scalar fields. Furthermore, the form of (11) may be taken to indicate that wavelengths corresponding to the present day scales and CMBR anisotropies, when blue-shifted backwards in time to the beginning of the inflationary period, will never attain sub-Planckian lengths, regardless of how long the inflation may last. As we will see, these features carry over to the case of inflationary universe, although the time dependence of the physical momenta, due to the red-shift, introduces some subtleties as well as new effects.
The modified commutator in flat RW space-time
To apply the modified commutator to the early universe, it should first be generalized to the flat Robertson-Walker (RW) space-time. This generalization will be carried out in the present section. The underlying assumption, of course, is that a geometric description of the space-time still remains valid, at least in some approximation. This is reasonable since the effects of the modified commutator will be perceived by the high-energy fluctuations and not by the slowly varying background fields.
We recall the flat RW metric in the conformal frame,
Here, η is the conformal time and y i are comoving coordinates. Physical distances at time η are simply given by a(η) y i . Let us denote the comoving momentum (wave number) conjugate to y i by k i . Then, the physical momentum undergoes a red-shift with time and, in the metric above, is given by k i /a(η). The minimum length uncertainty should be time independent and apply to the physical lengths. At the same time, the modified commutator should be consistent with the residual symmetries of the metric (12) , in terms of comoving coordinates.
Only a subset of general coordinate transformations keep the form of the RW metric in comoving coordinates unchanged. Besides rigid spatial rotations and translations, which are in common with flat space, this subset also contains constant rescalings of the coordinates that amount to rescaling a, keeping the form of the metric unchanged. Then, the analogue of the modified commutator (2) in the flat RW space, consistent with the residual covariance of the metric g µν in the comoving coordinates, is
where,
This should not lead to a fixed minimum length uncertainty in the comoving coordinates y i , which would result in a rather large uncertainty in the proper distance ay i at the present epoch. It is easy to see that it is actually the physical distance that has a fixed minimum uncertainty: In order to compare with the flat space case, let us introduce
In terms of this, the commutation relation takes the form
This has the same structure as (2) and hence implies a minimum position uncertainty in the physical or proper distance ay i as desired, with n i /a as the physical momentum. More precisely, in analogy with the flat space case, one can introduce the "physical" auxiliary variables ρ i as well as "comoving" ones,ρ i , given by
The commutator (14) now becomes
This leads to a minimum length in ay i as (a∆y) min ∼ ρ −1 max . Since ρ is a function of a single variable, this value is η-independent. In terms of the "comoving" version of the auxiliary variableρ i = aρ i , the commutator is [y i ,ρ j ] = i δ i j . Note that unlike the flat space case of the previous section, now f and ρ i have become time dependent through the red-shift of the physical momentum. However, they still satisfy the restrictions described below equation (6).
Trans-Planckian effects in the inflationary era
Of late, it has been customary to assume that the effects of fundamental physics at transPlanckian energies can be effectively incorporated in field theory by modifying the free field dispersion relation in some appropriate way [6] - [21] . In practice, in the absence of a first principle approach, one ends up choosing the modified dispersion relations in an ad hoc manner. This approach has been used to investigate, for different dispersion relations, the possible effects of the associated Planck scale physics during the early inflationary era on the CMBR spectrum. In this section we attempt to achieve a more fundamental understanding of this issue based on the modified uncertainty principle in RW universe. It will be shown that the time-dependent non-linear dispersion relation emerges in a natural way and its form is determined by the modified commutator. There is also a further modification to the equation of motion, in the form of a trans-Planckian damping factor, that could dominate its behaviour at very high momenta. This new feature will be investigated in detail in section 5.
Fields in flat RW space with modified commutators
We will now consider the implications of the modified commutation relations for scalar field theory in flat Robertson-Walker space-time. The resulting theory includes the effects of Planck scale physics in an inflationary universe. The momentum red-shift associated with the rapid expansion induces new effects that distinguish the Planck scale physics of the inflationary era from that of the flat space-time, considered in section 2.2. Let us start with the standard free scalar field theory in Robertson-Walker space-time,
Of course, it is not obvious that such a simple description could survive beyond the Planck scale (and we will see indications that it does not). But in the absence of other guiding principles we choose this as our starting point, in analogy with flat space. The equation of motion in terms of χ(η, y) = a(η) φ(η, y) is
Like in the case of flat space, quantum mechanical commutators are relevant to the structure of free field dispersion relations. Since y i andρ i satisfy the standard commutation relation, one has the Fourier transform
The variable pair above is chosen such that whenρ is replaced by the comoving momentum n, the Fourier transform reduces to the standard one in RW space, in terms of the comoving variables. As a result, not only theρ in the exponent, but also the integration limits are time dependent. Let us, for the time being, ignore this time variation and formally treatρ as η-independent (we will comment on its time dependence below). Then in terms of the Fourier modes, and after expressingρ in terms of n from (15), one gets the action
We use the same notationφ for the field as a function of ρ and n since the difference is clear form the context. Here, n 2 = 3 i=1 n i n i and J(n/a) is the Jacobian for the change of variables determined by (15) ,
The restrictions on ρ fix the asymptotic behaviour of J such that J → 1 for v ≪ 1, and J → 0 for large physical momentum v. The equation of motion forφ(η, n) can be evaluated from (20) and is given by,
whereχ(η, n) = a √ Jφ(η, n). This is the generalization of equation (9) in flat space-time to the RW space-time.
Before proceeding further, let us get back to the issue of time dependence ofρ in (19) . If this time dependence is not ignored, then equations (20) and (22) will contain extra terms involving y i ∂ η (ρ i ), as well as terms from the variation of the integration limits. Besides making it impossible to express the equations in a manageable form, the resulting y-dependent potentials are also not consistent with the homogeneity of space. Hence, it is reasonable to take the alternative approach that scalar field theory in flat RW space-time, based on the modified commutators (13), or (14) , is directly defined by (20) and (22) , without the extra terms. In fact, it is plausible to assume that a fundamental theory that gives rise to the modified commutators, would directly lead to the momentum space equations (20) and (22) as part of its effective field theory description. This also was our preferred interpretation of the analogous equation (9) in flat space. However, while there one could construct the associated space-time equations, in the case of an expanding universe an effective local field theory description in terms of space-time fields, and based on the modified commutators, does not seem to exist; not as long as trans-Planckian effects are large. There is a further conceptual difference between (9) and (22) . The earlier can be regarded as the outcome of a string theory computation in flat space. As for the latter, a similar statement could in principle be made, although in practice string theory in the expanding universe is still poorly understood. For a recent discussion of the difficulties see [34] .
Time-dependent non-linear dispersion relations
The standard equation of motion for a scalar field in RW metric corresponds to the small momentum limit of (22) , where aρ ∼ n and J ∼ 1. The effects of Planck scale physics, as encoded in the modified commutation relations, result in the modification of the dispersion relation and in the appearance of J in the equation of motion. The J dependence is a novel feature and its consequence will be investigated in the next section. Here we discuss the dispersion relation.
In the equation of motion (22), the free field dispersion relation ω f ree phys = n/a, is modified to a non-linear, time dependent one,
This is a generalization of the modified dispersion relations considered in [6] , [7] , [10] - [21] . However, the modification is no longer ad hoc (as is also the case in [16] ), but is determined by the nature of the uncertainty principle (13) , through the function f . As described in subsection 2.1 (following equation (6)), this function satisfies certain restrictions. In terms of ω 2 phys , the restrictions translate to the following:
• The linear dispersion relation ω phys = n/a emerges at small physical momenta n/a.
• ω 2 phys ≥ 0 and ω phys is always real.
• The quantity ω phys is bounded by ρ max which is fixed by the minimum length scale as 1/l s .
Thus, while there is no cut-off on the physical momentum n i /a, there is always a cutoff on the effective frequency ω phys . These restrictions exclude some of the dispersion relations that have appeared in the literature as being inconsistent with the minimum length uncertainty. Some oftenly used dispersion relations are depicted in Figure 1 . The scalar field theory with the modified dispersion relation can now be second quantized in terms ofχ(η, n), in the usual fashion. The modification of the commutation relation in the first quantized theory does not affect the field commutators of the second quantized theory.
As stated in section 2, the most natural class of solutions to the restrictions on f consist of ρ increasing monotonically with n/a. This avoids the problem of associating multiple momenta with the same frequency. For example, the class of solutions in (7), lead to ω phys = tanh
These correspond to the well known Unruh dispersion relations [8] . For these, equation (22) in the special case of J = 1, was analyzed in [6] . The conclusion was that this class of trans-Planckian modifications does not modify the spectrum of cosmological perturbations calculated with the linear dispersion relation. The case of J = 1 will be discussed in some detail in the next section. Another form of f appearing in the literature is [27] f (n/a) = 2(n 2 /a 2 )
One can numerically verify that the dispersion relation corresponding to this function has the same qualitative behaviour as the Unruh form (24), with an appropriate value of γ. In Figure 1 , this curve is labeled as "soft". Hence one can infer that for J = 1, it leaves the spectrum of cosmological perturbations unchanged (later we comment on J = 1). This conclusion is at variance with the result of [28] (and the follow-up analysis in [29] , [30] ) which uses the same form of f , but implements the modified commutator in a different manner. Next, we consider the generalized Corley-Jacobson type of dispersion relations [9] , [6] ,
n/a Since ρ is not bounded, such dispersion relations cannot be associated with a modified uncertainty principle with a minimum length scale. However, one could regard these as lowmomentum expansions of expressions that are bounded. Then ρ will remain bounded as long as the expansion is valid. Contrary to the previous two cases, the Corley-Jacobson dispersion relations need not be monotonic functions of n. For J = 1 the effect of these on the cosmological perturbation spectrum has been studied in [6] , [7] , [10] - [13] , [17] where it was found that they could give rise to deviations from the predictions of linear dispersion relation when b m < 0.
Modified red-shift and evolution of wavelengths
Thus far we have seen how trans-Planckian physics, encoded in the modified commutators, implies a bound on the free field dispersion relation. As pointed out in [5] , [6] , in models where inflation lasts for a sufficiently long period of time, the CMBR anisotropies at the present epoch seem to have their origin in fluctuations whose wavelengths, in the beginning of inflation, were smaller than a Planck length. This assumes the validity the of standard red-shift formula for the physical wavelength, λ phys = 2π a(η)/n, down to the Planck length and beyond. One may try to understand, at least heuristically, the time evolution of wavelengths, based on the modified commutators. As described in section 2.2, in flat space, the modified commutators lead to a wavelength (11) that cannot decrease below the Planck length. One may extrapolate the same result to the flat RW case, in an adiabatic approximation, simply by replacing the flat space momentum p by the physical momentum in the expanding universe, n/a, We take ρ to be a monotonically increasing function. At late times (large a), the function f tends to identity and one recovers the usual red-shift formula. As we go backwards in time (decreasing a), λ tends to a constant 2π (in units of l s ). Near a = 0, a small wavelength band corresponds to a large momentum interval. This behaviour is shown in Fig. 2 , for an f associated with the Unruh dispersion relation (24) with γ = 1. Thus equation (27) insures that at the end of the inflationary era one still finds fluctuations of all possible wavelengths within the observable universe without requiring sub-Planckian wavelengths in the early epochs. One also does not need to continuously generate Planck scale modes at later epochs. This argument, although reasonable, still remains heuristic since a plane wave with the above wavelength is not really a solution of the equation of motion (22) , due to the time dependence of a. However, since the theory has an inbuilt minimum length uncertainty, this picture does capture the qualitative behaviour of length scales associated with the fluctuations.
Trans-Planckian damping and the initial state
In this section we discuss the consequences of the appearance of J in the last term of equation (22) . To put our results in context, we first briefly review the relevant features of the J = 1 case analyzed in [6] . It is then shown that the presence of J can help us fix the initial state of the scalar field.
Review of the J = 1 case
When the dispersion relation is modified by hand, one misses the Jacobian J in the equations. This corresponds to J = 1 for which equation (22) reduces to
This is the equation that has so far been used to study the cosmological implications of modified dispersion relations. It was analyzed in detail by Martin and Brandenberger [6] for the Unruh and Corley-Jacobson type dispersion relations. Here we review some features of this model which are of interest to us. We assume de Sitter expansion for which ∂ 2 η a/a = 2H 2 a 2 . Let us follow a mode of comoving momentum n backwards in time, as its physical momentum, v = n/a, is blue-shifted. Then the momentum range is divided into three regions according to the behaviour of the solution:
• At late times, when v << H (region III), the dispersion relation is linear and ρ 2 = v 2 can be neglected as compared to ∂ 2 η a/a. The relevant solution isχ
• When H << v << 1 (region II), the dispersion relation is still linear, but now ∂ 2 η a/a can be neglected and one gets an oscillatory solutionχ
2n e −inη . If the dispersion relation had not been modified, then region II would have extended beyond the Planck scale, v = 1, all the way up to the beginning of inflation. This is the standard scenario that consequently suffers from the trans-Planckian problem.
• For non-linear dispersion relations, when v > 1 one enters region I. Then, for the Unruh dispersion relation, ρ 2 ≃ 1. In the de Sitter phase, a 2 = (Hη) −2 and the equation has an exact solution,χ 1n,2n are in turn determined by the initial conditions at some (arbitrary) time η i in region I, which extends to the beginning of the inflationary era. Depending on the dispersion relation, the power spectrum may or may not acquire a non-trivial dependence on the initial state in the form of a modified dependence on n. As such, there is no natural choice for the initial state and, for oscillatory solutions, the best one can do is to pick up the local vacuum state at time η i . This is based on the implicit assumption that the modes are created in their ground state and that nothing drastic happens from the beginning of inflation until time η i . Below we consider a model based on the the equation of motion with J = 1 where the initial state problem can be addressed.
J = 1 and trans-Planckian damping
In this subsection we will study the equation of motion with the Jacobian factor J included. As an explicit example, we will concentrate on the Unruh dispersion relation with γ = 3, although the discussion can be generalized to other cases. The solution is first discussed at a qualitative level. At the end we will comment on the dispersion relation based on (25) which leads to a qualitatively different result. For convenience we reproduce the relevant equation, (22) , below,
Here, v = n/a is the magnitude of the physical momentum andχ(η, n) is the canonically normalized field given byχ (η, n) = a √ Jφ(η, n) .
The second term in ω
The behaviour of this term depends on the choice of the dispersion relation which determines J through (21). During de Sitter expansion with Hubble parameter H one has
Therefore the J-dependent term is suppressed by the small number For concreteness we will now consider the Unruh dispersion relation (24) for γ = 3. The variations of ρ 2 (v) and
with v are shown in Figure 3 . We have taken H = 10 −5 , in Planck units. Below the Planck scale, v < 1, (regions III and II) the modifications due to the modified uncertainty relation are absent. So we will concentrate on the trans-Planckian regime. As v increases above the Planck scale in region I (1 < v < 32), ρ 2 soon approaches 1, and J (not shown in the figure) decreases rapidly. However, the Jdependent term grows large in spite of the suppression by H 2 . At the boundary between regions I and 0, the two terms are equal and ω 2 total = 0. Beyond this, we enter region 0 where the J-dependent term dominates and ω 2 total < 0. Note that the appearance of imaginary frequencies in this model is not built by hand into the dispersion relation. Rather, it is a consequence of the rapid expansion during which the presence of J, coupled with the red-shift of physical momenta, induces the trans-Planckian damping term. In other words, in Planck scale processes at the present epoch, the frequencies are real and are given by ρ 2 > 0 alone. The damping term does not appear. In this sense, the appearance of imaginary frequencies is not an unphysical feature of the theory. In particular, one avoids the multiple valuedness of momenta for a given energy which is a feature of non-monotonic dispersion relations considered earlier in the literature 2 . Region 0 is a new region that has not appeared in earlier models.
Deep in region 0, we can ignore ρ 2 in (29). The equation then has an obvious solution,
where C
1n is an n-dependent constant. This is similar to the solution in region III. But now the modes are frozen because, due to the presence of √ J, they perceive the universe as expanding much faster than it really does. The other solution is
Later it will be shown that the dependence on n is given by C
1,2 . Comparing with (30) one finds thatφ
2n /J. The energy density in terms of the fieldφ is given by,
As we go backwards in time, the energy density for the first solution vanishes as J(≡ 1 − ρ 6 ), while the one corresponding to the second solution blows up as 1/J. Therefore, it is reasonable to impose C (0) 2n = 0 as a boundary condition. Thus, deep in the transPlanckian region, the fieldχ (0) 1 starts from an extremely small value and increases with time as the momentum is red-shifted. At the boundary between regions 0 and I, ω total turns real and the solution starts oscillating. Sinceχ (0) is real and has only one branch, χ (I) is also real and oscillates as a cosine function. The exact solution is given in subsection 5.4. Note that the damping effect of the J-dependent term has fixed the "initial state" in region I in terms of the solution in region 0. For the Unruh dispersion relation, this is no longer the adiabatic vacuum used in the literature. The issue of the initial state dependence will be discussed in more detail in the next subsection.
The behavior of ω total with v could change appreciably from the one depicted in Figure  3 for other dispersion relations. For the Unruh dispersion relations (24) , the length of region I decreases with increasing γ. Another interesting case is the dispersion relation corresponding to (25) , depicted as "soft" in Figure 1 . In this case, the J dependent term in ω total always remains very small and as a result in region I, well above the Planck scale, ω 2 total ≈ ρ 2 ≈ 1, and there will be no region 0. Thus, the problem is very similar to the case of Unruh dispersion relation analyzed in [6] . We recall that in the approach of [28] , a modified commutation relation based on (25) lead to a different and much more complicated equation of motion.
The initial state
At physical momenta below the Planck scale (region II), the effect of J disappears and the dispersion relation is linear, leading to the standard free wave solutions. The coefficients are determined by matching with the solution in the trans-Planckian regime. In region III, below the Hubble scale the modes freeze and the solution becomesχ (III) = C (III) n a. The power spectrum of fluctuations is finally given in terms of |C (III) n | 2 . If this goes as n −3 , one ends up with the flat spectrum. When the Hubble parameter is time dependent, the flat spectrum receives corrections even in the absence of trans-Planckian modifications. Therefore, here we concentrate on the case of constant H to isolate the purely trans-Planckian effects. The possibility of deviations from the flat spectrum due to the modified dispersion relation, and the choice of the initial state (boundary conditions), has been extensively discussed in the literature [6] , [7] , [10] - [21] . The initial state is defined in the adiabatic, i.e., lowest order WKB, approximation. A modification of the flat spectrum by the initial state is then associated with the breakdown of this lowest order WKB approximation. Here, we formulate the problem in terms of a (formally) exact WKB solution and argue that the initial state dependence is determined by whether the frequency at the initial time is real or imaginary. The result can then be understood in terms of the breakdown of the lowest order adiabatic approximation. However, the two criteria are not exactly equivalent in the sense that the violation of adiabaticity does not always lead to initial state dependence of the power spectrum. This is not in contradiction with [11] and [14] since the initial state dependence there can be attributed to a time dependent Hubble parameter. In fact, their results show that for a constant Hubble parameter, the initial state dependence disappears while adiabaticity is still violated, which is further evidence for the assertion above.
During de Sitter expansion, v = n/a = −nHη. This can be used to write the equation of motion (29) in terms of v,
From equations (31) and (32) one can see that ω 2 v depends only on v and not on n and η separately 3 . The discussion below applies to general ω v and is not restricted to the situation depicted in Figure 3 . The exact solutions of the above equation can be formally written in a WKB form [35] ,
where W v is given by
3 This will not be the case for a time dependent Hubble parameter. For example, for a = η λ ℓ 0 , the equation in terms of v becomes
This solution is formally exact, but in practice W v is determined iteratively in terms of ω v (v) to some order of approximation. Near the classical turning points, where ω v changes sign, the integral is to be analytically continued to the complex v-plane to allow for well defined solutions. This procedure, which mixes the two branches labeled by ±, is equivalent to using matching conditions in the more familiar form of WKB [36] . Clearly, the solutionsχ v± are functions of v alone. Let us now turn to the solutionsχ ± (η, v) of equation (29) . These are also given by expressions analogous to the ones above,
where, W total = nHW v and Q total = nHQ v . It is then evident that the exponential is the same in terms of v and η. Therefore, the dependence ofχ on n, v and η i = −v i /nH is of the formχ
Thus, for a given v, the extra dependence on n (beyond the 1/ √ n) could only come from the initial state at η i . In particular, matching the WKB solution to the solution in region II at a fixed v = v f does not introduce extra dependence on n.
The initial state dependence of the power spectrum depends on whether W total (η i ) is real or imaginary 4 . When this quantity is real, one can pick up the positive frequency branchχ − as a generalization of the Minkowski vacuum. This is the standard way of choosing the initial state in such cases. Then the initial state dependence will only appear as a phase inχ − through the lower limit of the integral in (39) . This phase will carry over to C (III) n and will drop out of the final amplitude. The situation will not change if adiabaticity is violated during the evolution from η i to η f , as long as W total (η i ) and W total (η f ) are real. This corresponds to ω total having an even number of classical turning points in this range.
However, if the initial state is chosen such that the solution also contains a small negative frequency component, then the initial state dependence does not disappear and the final amplitude will develop an oscillatory dependence on v i or, equivalently, on n for fixed η i . For an explicit realization of this, see [22] . When W total (η i ) is imaginary, the magnitudes, and not phases, ofχ ± will depend on the initial state through the lower limit of the integral. This dependence will always carry over to region III and will show up in the power spectrum as long as η i is a finite time in the past. The Corley-Jacobson dispersion relation for b m < 0 analyzed in [6] falls in this class. Note that since W total (η f ) is taken to be real, ω total will have an odd number of classical turning points between η i and η f and hence, adiabaticity is violated at least once during the evolution.
In any case, one way of avoiding explicit dependence on η i (and the associated dependence on n) is to specify the initial state at η i = −∞. For oscillatory solutions, (ω 2 (η i ) > 0) this implies extrapolating the validity of the equation of motion to the very beginning of inflation, which is not a very reasonable assumption. This will simply shift the trans-Planckian problem to higher momenta. On the other hand, for strongly damped solutions (ω 2 (η i ) << 0) it is a natural choice. Since the solution is damped away rapidly with decreasing η, it is enough to require the validity of the equation of motion up to a certain time η i , far enough in the past, but well after the beginning of inflation. Then as far as the solution is concerned, the initial state is effectively fixed at η i = −∞. The equation of motion discussed in the last subsection admits solutions belonging to this class. The strategy can also be applied to the Corley-Jacobson dispersion relation with b m < 0. Another example is the model in [19] , although the damping there is not very strong. Both are based on non-monotonic dispersion relations. subsection, this allows us to regard the initial state in the far past as effectively corresponding to η i = −∞. The absence of an explicit η i dependence insures the flatness of the power spectrum of the associated fluctuations.
Thus in this scenario, in the beginning of inflation, the oscillations are very heavily damped by the Jacobian factor J and the fieldχ is zero. The expansion of the universe reduces J and the field starts growing in region 0. At the boundary of regions 0 and I, ω total turns positive and the solution starts oscillating in region I. It remains real and behaves as a cosine function with its amplitude decreasing with time. The sinusoidal nature of the solution can be directly inferred from the application of the WKB connection formulae at the turning point. The solution becomes less accurate as we approach region II and can be matched toχ
2n e −inη and its first derivative at v = v p = 1. The reality of the solution in region I implies that C (II) * 1n
n | cos(nη+ϕ). The amplitude and the phase ϕ are determined by the matching and their explicit expressions can be easily worked out in terms of K ν (v 3 ) and its derivatives. Finally, C (III) n is determined by matching across the boundary of regions II and III. Clearly, its dependence on n is given by n −3/2 , leading to a flat spectrum. Note that in region 0 the field started in a WKB ground state (albeit with an imaginary frequency). But in region I the solution behaves as a cosine function, and is no longer in a WKB ground state. Ignoring the issue of negative frequencies, this may be interpreted as particle creation caused by the breakdown of adiabaticity near the classical turning point, at the boundary between the two regions. One could argue, however, that the back reaction problem is avoided because the energy density (35) for these modes is heavily suppressed by J. One may also note that the solution in region III belongs to the same branch as that in region 0 and therefore is in ground state with respect to it. This may be taken to suggest that there is no net particle creation in region III, with respect to region 0.
The appearance of imaginary frequencies in region 0 is one of the features of models with an Unruh dispersion relation and a trans-Planckian damping factor. A consequence of this is the appearance of real fluctuations in regions I and II. In region II, for example, this leads to |C
2 | 2 = 0 as opposed to 1, which is the usual Wronskian condition. As pointed out in the literature, the quantum field theory of modes with imaginary frequencies is not well understood. For a discussion, however, see [37] and [38] .
In this section we have focussed on the behaviour of equation (29) with the dispersion relation (24) for γ = 3. For other dispersion relations the behaviour could be drastically different. As an example, the case of the dispersion relation based on (25) was discussed at the end of subsection 5.2.
Conclusions
It is reasonable to assume that the effect of fundamental physics at the Planck scale on the freely propagating modes can be incorporated in a minimum length uncertainty principle. Such a principle is in turn associated with a modified space-momentum commutation relation 5 . We investigate a class of such commutators and show that the minimum length principle can be consistently incorporated in a free field theory, both in flat space-time, as well as in the expanding universe. In both cases, Planck scale physics modifies the linear dispersion relation to a non-linear one. Since the modification of the dispersion relation is related to that of the commutators, it is constrained by the requirement of minimum length. Of late, modified dispersion relations have been used in the literature to mimic the effects of trans-Planckian physics, however as we see not all of them are consistent with the minimum length principle. The resulting field theory can also be understood as one in which higher-derivative corrections from Planck scale physics have been summed up in a closed form. Such a field theory can be second quantized and is manifestly free of ultraviolet divergences. It is therefore interesting to investigate the quantization of such theories, especially when they are extended to include gravity. The modified commutator theory leads to a (dynamical) breakdown of Lorentz invariance, which may not make it look very appealing. However, the issue of Lorentz invariance at Planck scale is more subtle, especially in the context of cosmology [33] .
In the case of expanding universe, the physical momenta undergo a red-shift which makes the non-linear dispersion relation time dependent. The red-shift also induces a trans-Planckian damping factor in the equation of motion which is related to the dependence of the phase-space volume on the physical momentum at ultra-high energies. This factor tends to suppress the field fluctuations at trans-Planckian momenta, although the actual effectiveness of the damping depends on the detailed form of the dispersion relation. The damping is strong in the example of the Unruh dispersion relation that we have considered, but can be insignificant in some other cases. The energy density of the fluctuations is also strongly suppressed by the trans-Planckian damping factor, thereby avoiding the problem of back reaction.
The non-linear form of the dispersion relation could complicate the choice of the initial state and, in certain cases, could lead to a strong initial state dependence of the final power spectrum of fluctuations, affecting the spectral tilt. We have discussed this in some detail and argued that, for de Sitter inflation, the main criterion is the real or imaginary nature of the frequency at the initial time. This is related to, but not the same as, the criterion based on the breakdown of adiabaticity during the evolution. When the oscillations are strongly damped in the far past, then one can effectively treat the initial time as η i = −∞, even though inflation is not really required to be eternal in the past.
